Mitochondrial diseases may be caused by alterations of the mitochondrial genome. The pathogenic variant m.3243A>G is one of the most frequent causes of mitochondrial disease and the most common mitochondrial DNA mutation. Patients with a variant in mitochondrial DNA can have a mixture of mutated and wild-type genomes (heteroplasmy). In the case of the pathogenic variant m.3243A>G, the degree of heteroplasmy (H) correlates to some extent with the severity of the disease. Several longitudinal studies, where H is measured at two different time-points, have shown an annual decline in leukocyte H values. Thus far, only an exponential decay of H with time has been noted but a mechanistic model is lacking. Here, I describe a deterministic mathematical model that accounts for the decline of H in leukocytes based on selective mechanisms acting at the stem cell level. The 'inverted-sigmoid' model provides estimates of at-birth H levels closer to those observed in postmitotic tissues, such as skeletal muscle, than the estimates provided by an exponential decay. The new model never leads to predictions of H > 100% and provides a stronger correlation between at-birth H values in leukocytes and the scores of the Newcastle Mitochondrial Disease Scale for Adults, which can be of practical utility. This model could be extended to other mitochondrial DNA disease-causing variants.
Introduction
A cell contains from hundreds to thousands of mitochondria (1) , each of which contains several copies of mitochondrial genome circles (mitochondrial DNA) (2) . Mitochondrial diseases may be caused by mutations in mitochondrial DNA or in nuclear genes encoding mitochondrial components (3) . They can engender a myriad of symptoms such as slow growth, visual and hearing impairment, muscle weakness and loss of coordination, intelectual disability, etc. In general, the main, or more rapidly affected tissues, are those with high energy demand (4, 5) . In the case of patients with mitochondrial DNA pathogenic variants, these organelles can have a mixture of mutated and wild-type genomes. This phenomenon is called heteroplasmy (H) (6) .
The mitochondrial pathogenic variant m.3243A>G is one of the most frequent genetic causes of mitochondrial disease (7, 8) . It leads to a variable clinical phenotype ranging from asymptomatic carriers to MELAS (myopathy, encephalopathy, lactic acidosis and stroke-like episodes) and other related phenotypes (9) (10) (11) (12) (13) . The degree of H explains to some extent the severity of mitochondrial dysfunction (12, (14) (15) (16) . However, carriers of the m.3243A>G variant with low H levels in leukocytes can still develop, for instance, MELAS while other carriers might remain asymptomatic (17, 18) . To complicate matters, H levels vary among tissues. For instance, skeletal muscle and urine epithelial cells display higher H percentages compared to leukocytes from the same subjects (19, 20) . As discussed below, these differences are somehow related to cell proliferation and make it difficult to predict prognosis based on the H levels determined in leukocytes.
Through the years H levels has been quantified by PCR-RFLP, minisequencing, real-time PCR, pyro-sequencing and more recently, by ultra-deep next-generation sequencing (NGS) (19) (20) (21) (22) (23) (24) (25) . As expected, deep sequencing is much more sensitive and quantitative than older methods (26, 27) . Several longitudinal studies, where H is detected at two different time-points (i.e. over a 10-year interval), have shown an annual decline in leukocyte H ranging from 0.1 to 1.9% (21) (22) (23) 25) . Below, I describe a deterministic model that accounts for the decline of m.3243A>G H levels in leukocytes, and briefly outline its potential applications.
Results and discussion
A new model of heteroplasmy decay in leukocytes Given that the process of H decay in leukocytes is slow, its annual decline can be considered as being dH/dt. In this case, a plot of dH/dt versus age (mean age between two measures or atfirst-measurement) can be described by a straight line (Fig. 1A) . As previously noted, this is compatible with an exponential decay process (28) . However, if the decrease of H with age were a mere exponential process, such as for radioactive decay, the best fit for the experimental data dH/dt versus H should be a straight line intersecting the ordinates at 0, 0. Such a process would be described by the simple differential equation
whose integration to obtain H as a function of age yields
referred to as the 'exponential model', where k is a specific decay constant and H 0 is the value of H at t ¼ 0 (i.e. at birth). Instead, what we see in Figure 1A , which contains data analyzed in reference (28) along with data from other studies (21, 25) , is that equation dH/dt ¼ÀkH þ n provides a better fit (with n < 0 in this case). Indeed, we can compare both fitting results with objective tests. Akaike information content test shows that dH/dt ¼ ÀkH þ n is >100 times more likely to be 'correct' than dH/dt ¼ ÀkH. This is corroborated by an F-test (P < 0.0008). However, the integration dH/dt ¼ ÀkH þ n reveals a decreasing exponential process that reaches a plateau. That is, the value of H for old ages would not be 0. The specific data points in the figure predict a plateau at H ¼ n/k ¼ 0.12 (i.e. 12%). Despite this subtlety, the slopes of the lines in Figure 1A have previously been used to estimate an 'average value' for k, which is a key parameter of the exponential process. The parameter k of an exponential decay is related to the amount of time required for a decrease of 50% of the initial H value by the relationship t 1/2 ¼ ln 2/k (where t 1/2 is called the half-life). For k ¼ 0.02 [as previously reported (28) , black line in Fig. 1A] , we obtain t 1/2 ¼ 34.6 years and for k ¼ 0.0194 (green line in Fig. 1A ), Figure 1B shows that there is a significant negative relationship between dH/dt and age. For modeling purposes, we have considered an exponential or a linear relationship. The integration of the linear relationship to obtain H as a function of t yields a polynomial that lacks a clear meaning in mechanistic terms. Thus, we are left with the exponential relationship. However, its integration leads again to a decreasing exponential that reaches a plateau, as discussed above. Supplementary Material, Figure S1A and B shows that the conclusions drawn from Figure 1A and B remain valid without the inclusion of the most recent dataset based on NGS (25) . These results point to a need for a more explanatory model. It is true that an exponential model is very appealing because of its simplicity. However, we have to keep in mind that H is a ratio of the number of mutant DNA molecules over the total, without telling much about what happens at the cellular level.
With elegant simulations, Rajasimha et al. 2008 , showed that H measured in leukocytes is a good estimate of the average mutation level in the stem cell population from which they derive ( Fig. 1C ) (28) . These authors proposed the existence of selective processes acting against mutated stem cells with high H levels (above a certain threshold). This idea successfully explains why the level of H in leukocytes is almost always lower than that in non-dividing cells such as those of skeletal muscle. In Figure 1D , I have redrawn the course of H with age obtained from two of the aforementioned simulations. This figure clearly shows that even if there is an exponential-like decay for later times, this is not the case during childhood. The reader will understand the importance of this nuance in the next section. The model developed here is based on the results of Rajasimha et al. 2008 implying selection at the stem-cell level. A reader not familiar with mathematical models can directly go to Equation 8 , which captures the main result of the model.
During cell division there can be biases in mitochondria segregation among the daughter cells leading to the existence of stem cells with different mutation loads. For simplicity, let us assume that there are two main stem cell sub-populations: those 'rather wild-type' (with H < H threshold ) and those 'rather mutated' (H > H threshold ). The dynamics of such sub-populations can be described by the two following equations:
where X are the numbers of rather mutated (m) or rather wildtype (wt) stem cells. The parameters k m and k wt represent cell proliferation rates for the corresponding types of stem cells. Obviously, they encapsulate information of various cell types with different H levels. Parameters d encapsulate information on the specific death rates of the corresponding cell subpopulations. Note that the above equations assume no explicit interaction between the two cell populations. That is, their differences are rather intrinsic and not due to a negative effect of wild-type cells over the mutated cells.
Equations (3) and (3 0 ) are easily solved as follows:
Here, X wt0 and X m0 stand for the numbers of wt or mut stem cells at birth (t ¼ 0), respectively. We can use these equations to obtain the evolution of H with time because the number of each type of mitochondrial DNA molecules is assumed to be proportional to the number of relevant cells (X). Thus, we get:
From now on, we will express H as a fraction and not as a percentage.
Reordering Eq. (5), we obtain.
For simplicity, we replace 
Using this relationship, Eq. (6) becomes:
The above equation can be easily linearized as follows:
Equation (7) 
This equation is the key result of this work. Although it is apparently more complex than the exponential model, it has the advantage of resulting from a mechanistic model. Graphically, it leads to an S-shaped curve rotated 'back-to-front' or upside down. This model will be called for simplicity the 'inverted-sigmoid model' and will be compared to the exponential model. The half-life of H according to the inverted-sigmoid model is:
This half-life is not a characteristic constant because the time required to go from H 0 to H 0 /2 is not the same as from H 0 /2 to H 0 /4 and so on.
One way to test the accuracy of Eq. (8) is to use it to calculate dH/dt at different time points using data from longitudinal studies and to compare the 'goodness-of-fit' versus the exponential model ( Fig. 2A) . As both models have the same number of parameters, to estimate their accuracy we can simply calculate the sum of the squared errors (SSE). This analysis shows that the SSE for the exponential model is more than two times greater than for the inverted-sigmoid model. Supplementary Material, Figure S1C shows similar conclusions without the most recent dataset, showing the robustness of the results (25) . Figure 2B shows that the decay of H according to the invertedsigmoid model is predicted to be slower during childhood, compared to an exponential decay, in qualitative agreement with the simulations in Ref. (28) (Fig. 1D) . Depending on the parameters, after the inflexion point, decay can accelerate and the inverted-sigmoid intersects the exponential curve. As we do not have data for the same individual for more than two time points, to explore what a 'real' curve would look like we can merge data from several individuals having the same predicted H 0 and k 0 values. Two examples are displayed in Figure 2C and D. Equation (8) (instead of six for the exponential). This suggests that H 0 values higher than 0.85 should be uncommon. Note also the scarcity of data points in the region of young age and low H. As previously pointed out, this may be due to an ascertainment bias because the symptoms tend to appear in teenage years or older (28) . Figure 3B shows the decrease of H with age in the same population according to the exponential (red) or the inverted-sigmoid (green) models fitted over 227 data points. The data points in the region below 15 years of age (in gray) were excluded to avoid as much as possible the effect of the ascertainment bias mentioned above. The predicted curves are not intended to provide average values for the parameters across the population but to illustrate how close both models can be depending on the specific parameters (k or k 0 and H 0 ).
What the Model Says
Although leukocyte H levels correlate with the age of onset of several disease manifestations (12, 17) , the age-dependent decline of H makes it difficult to provide counseling (30) . Thus, accurate predictions of H 0 from H values measured at any age can be of clinical utility. We can now use both the exponential model (H 0 ¼ He kt ) or Eq. (8) to predict H 0 (i.e. H 0 ¼ ÀHe
). Figure 3C shows a plot of the predictions made by both models. The first striking fact is that, although not frequently, the exponential can predict H 0 values higher than 1. The second observation is that the inverted-sigmoid model yields in general higher H 0 values (for k'¼0.0465), which leads, over the series of data points, to the concavity observed in the plot in Figure 3C .
As already noted, H levels of paired samples show a correlation between the values in leukocytes and the measurements in post-mitotic tissues, such as skeletal muscle. However, H levels in leukocytes are almost always lower than those observed in muscle. Figure 3D shows the behavior of the values of H 0 estimated with the two models with respect to the corresponding H values in muscle (green circles: inverted-sigmoid and red circles: exponential model). The regression line of the values in leukocytes and muscle are displayed for comparison (black circles). We observe that both models bring the H 0 values closer to those in muscle. This can be appreciated by the increase of the slopes of the regression lines for the estimated H 0 (red for the exponential and green for the inverted-sigmoid) versus H m (i.e. H in muscle) compared to that obtained with the 'uncorrected' values. Although the correlation coefficient R for the green line seems to be smaller compared to that of the red one, the difference is not statistically significant. However, the slope of the former is greater (and thus closer to that of the identity line) than that of the red one (slope inverted sigmoid model: 0.896 0.04, slope exponential model: 0.60 60.04, P ¼ 0.0006).
The Newcastle Mitochondrial Disease Scale for Adults (NMDAS) evaluates the progression of disease in patients over 16 years. It standardizes patient assessment in terms of many aspects of the disease (vision, hearing, speech, swallowing, handwriting, mental status). The outcome is a score, the higher it is the more severe the disease (http://www.newcastle-mito chondria.com/wp-content/uploads/2016/03/NMDAS-Manual-26 1114.pdf). Even if NMDAS can change throughout life, it is worth exploring to what extent the H 0 values correlate with NMDAS. Figure 4A shows the previously observed significant correlation between H in leukocytes with NMDAS. However, this significance disappears when the regression line is forced to intersect the ordinates at 0, 0. Interestingly, the estimated H 0 values in leukocytes using the inverted-sigmoid are characterized by a tighter correlation with a regression line spontaneously passing by 0, 0. This is not the case for H 0 values estimated using the exponential model. Such significant correlations with NMDAS, which changes through life, simply mean that the higher H 0 is the higher the probability of having a high NMDAS score at any age. Before finishing, it is worth mentioning some limitations of this analysis. Unfortunately, only two data points are available for each patient in longitudinal studies, which leads to poorly accurate estimates of H 0 and k 0 (or k). 
Materials and Methods
The data points were obtained from a search of the literature. The papers describing longitudinal studies containing the values of H for the m.3243A>G mitochondrial DNA mutation in blood (and potentially other tissues) at two different ages were retained. A number of papers describing a series of age, H data-points at one age were also retained. A total of 134 pairs of values age, H were obtained (representing 67 individuals) (21) (22) (23) 25) . In addition, I collected 118 unique data pairs age; H (17, 19, 24) . When the data were displayed in graphical form, the approximate numerical values were extracted from the published graphs using the software WebPlotDigitizer at https://automeris.io/WebPlotDigitizer/. Nonlinear curve fitting was performed online using the least square methods at http:// statpages.info/nonlin.html. To explore the correlations between H in muscle and H 0 in blood, 20 data points were obtained from Ref. (32) (28) . Common data points with previous datasets were kept only once (from the most reliable source, namely, a table).
Regarding NMDAS data, 21 data points were obtained from (32) and 48 were obtained from the deconvolution of graphical data from (17) because the original data could not be obtained in a timely fashion. In short, data from H in leukocytes vs. NMDAS or vs. Age were used to produce data points (age, H in leukocytes, NMDAS). Similar data for mucosa were used to disambiguate data points.
Supplementary Material
Supplementary Material is available at HMG online. Significance vanishes when the regression line is forced to intersect the ordinates at 0, 0. The Pearson correlation coefficients are statistically significant with P-values at least <0.05 unless stated otherwise (n.s. for non significant).
